A SQUARE AND A CUBE

Squares, Cubes & Their Beautiful Patterns

1. KEY IDEAS ATA G CE 2. SQUARE NUMBERS (n?) 3. CUBE NUMBERS (n?)
i i i " ; ] _
+ Square: n % n = n” (read as “n squared”) n (1-10) e n (11-20) o n (21-30) n? n (1-10) n n (11-20) i
* Cube:nxnxn=n 1 = 1 112 = 121 21 21F = a4 1 ®= 1 117 = 1331
« Perfect squares: 1, 4, 9, 16, 25, ... 2 2 =4 12 12¢ = 144 22 22" = 484 2 2=l 12 12 = 1728
» Perfect cubes: 1, 8, 27, 64, 125, ... 3 F¥=9 13 13* = 169 23 23 = 529 3 =27 13 12 = 2197
e 0= square root (positive value) 4 4 =16 14 147 = 196 24 24" = 576 4 4 = 64 14 14 = 2744
» ¥n = cube root (positive value) 5 5 = 25 15 15% = 225 25 25% = 625 5 5% = 125 15 157 = 3375
] & =36 16 16* = 256 26 26° = 676 4] &' = 216 16 16 = 4096
¥ 7= 49 17 17% = 289 27 27 =729 7 7 = 343 W7 17' = 4313
= A perfec ber be e 5
PeriecEIEMBer CARDIRRE RPSIIect squans B 8 = Ba 18 18'= 324 28 28° =784 8 8 = 512 18 18° = 5832
= U rties to identi = ickly.
N S e 5 9 =g 19 197 = 361 29 297 =841 9 91 = 729 19 19 = 6859
= Cubes follaw their own patterns,
10 10° = 100 20 207 = 400 30 307 = 900 10 10" = 1000 20 20 = 8000
4. PROPERTIES & PATTERNS OF PERFECT SQUARES 5. PROPERTIES & PATTERNS OF PERFECT CUBES
Unit Digit Pattern Unit Digit Pattern Other Cube Properties Cubes & Consecutive
—— = Mumbers ending in 2, 3, 7 or 8 Odd Numbers
Lnit digiot ! Hige Sttt 6 cannot be perfect squares. Dpkdgtain | PRk AoReto] |- Cube of positive number — positive. |
1or9 1 o o =5 n? = sum of n consecutive
C i ber —+ e, .
Jor 4 @ Perfect squares can have only S : #1150 o egeiye:m nEgrARD odd numbers starting
an even number of zeros, * Even® — oven cube. from n{n-1)+1
Jor7 9 2 8
ey = 3
doré 6 9 Even number — even square. 3 P + Odd’ — odd cube. T=a=-4
3
5 5 Odd number — odd square. L 3+5=8=23
4 4 i E e 7+9+M=27=3
0 0 B TR AR
5 5 13 +15 + 17 + 19 = 64 = 4°
: R Y
Differences of Sum of First n Between Consecutive & 6 LD“'T‘“ decimu) places 21423 +25+27 +29 =125=5°
Consecutive Squares Odd Numbers Squares 7 3 ave fripled: 31433435437 +39 + 41 =
{n+1)" = n? = 2n + 1 (odd) 1+3 45+ +(2n=1)=n? Between n? and (n+1)%, B 2 * Cube cannot end with exactly 216 = &°
2-1v=3 1=1 there are 2n non-square 9 g two zeros (zeros are in
#_pog 163w dn P2 ey multiples of 3).
-32=7 1+3+5=9=3% Example: between 27 and 37
5 —-4'=9 1+3+5+7=16=4° {4 and 9) — 242 = 4 numbers Suceessive Differences of Cubes Prime Factorisation Method (Cube Root)
{5, 6, 7, 8)
1 :] 27 64 125 216 .. 1. Write number as product of prime factors.
+ 13 ) { 4 i 2. Group factors in triplets,
Squares & Triangular Nurr!bers Successive Differences of Squares . Level 1 0, P ki R N = N i,
Sum of any two consecutive 7 19 7 61 91 s (odd numbers) 2
triangular numbers is a parfect square. 1 4 9 & 35 36 i 4 1 i i Otherwise — not a perfect cube.
o 4 T T T S 1 4. Take one factor from each triplet and
® @ &0 S L e multiply to get cube root
o6, 8@ _, 80 _, ®seo S B o Bl ! TR i ]
@09 L X N ®e o [ X RN ) LR T Lovel 3 S
i1+3 146 &40 10 + 15 3 3 2 5 3 6 & 6 6 {all same) Example: 3375 = 37 x 5" » (3x3x3)(S5x 5= 5)
4=2 a=3 5= 4% 5% = gt Cube root = 3x5=15
6. CHECK: PERFECT SQUARE OR NOT? 7. CHECK: PERFECT CUBE OR NOT? 8. SQUARE ROOT & CUBE ROOT 9. HISTORY HIGHLIGHT
Beini Fectortation Methiod Prima Factarigh o bygind Square Root (vn) Cube Root (Vn) Ancient Babylonians listed squares & cubes
1. Write number .:u pn?d'utt of prime factors, 1. Write number as p-:odm:t of prime factors, s e {~1700 BCE) for practical use.
2. Group factors in pairs. 2. Group factors in triplets,
t = "
3. .o Suctor ib et ovir — perfect sauars. | | 3. IEnd factor I8 Jofl ovbr —+ berfock cube. o o memos o Methods + Uil = x means x* = n In India, terms varga (square) and
Otherwize — nat a perfect square. Otherwise — nat a perfect cube. = Every perfect square has  y pi daciadhation s oot ok ghana (cube) were used from early times.
4, Multiply one from each pair — V1. 4. Multiply ane from each triplet ~ Vn, tu intoger FOORE! £% 5 g iy Mathods .
= In this chapier, we consider  of odd rumben: = 4n can be negative, 1. irire fstrrin Thcm‘.rnd mot"wmvals _m,m !
Example: 36 = 222x3x3 = (2x2)(3x3)  Examphe: 3375= 3 x5 = (3x 3 3)(5x5x5) S — S gt} | DN pOMthE: | (2 G Sanshiit mula(roat, origin, bagis).
=P xP s JH=2x3=6 e Frstimation] bt

Vigzs =3=56= 18

QUICK FORMULA BOX MUST REMEMBER IMPORTANT QUESTIONS FREQUENTLY ASKED

Vn=0

Squares 5 Squares end in 0, 1, 4, 5, 6,9, Find the square root of 1764, Hint: Use prime factorisation.
M=nxn & 3 W 3 Foaat
A S ey % Squares can only have an even number of zeros. 2. :\;:Th;zl:e;:l:.w::g:m perfect squares? Hint: ::=Ck using prime factorisation

i v i or end digits.

(n=1P =n?=2n+1 % Difference of consecutive squares is an odd number. . I
Sum of first n odd numbers = n? S Exel thwgvallis cniind oy which 720 must by Hint: Prime factors should be in triplets,
¢ W i ; w  Sum of first n odd numbers = n?, multiplied to make it a perfact cuba.

n 4+ - nt = n +
Vn=x = x¥=n (xz0) ¥ A number is a perfect square if its prime factors 4. Find Y17576. Hint: Prime factorisation methad,

can be paired. 5. Find the smallest square number divisible Hint: Usa LCM of prima factors with
S o Cubesendin0,1,8,7, 4,586,329, by 15. aven exponents

L

;1a ::J:(_n :sll LN O e B sk paiii Bt &, :th:.;ﬂe::th two consocutive square numbers Hint: ;:Tpn:3:i:h noarby squaras
= oes i ¥ and 39%),
— b)? = a% - 2| e % Cube of even number — even, cube of odd — odd.

(8= b= ks dah c Sabt b . W0 = s divisible by n'— ¥, what is the vaua 6f ot Hink: Use n? = 1 = {i — 10(6% 4 n + 1),
n®=m*= (n=-m){n®+nm + m?) » 1 is positive; ¥ is unigue.

e, = arEn B. How many perfect squares are there between Hint: Count using squares: 17 to 31*

= 1) 1 and 10007

KEY TAKEAWAY: Squares and cubes are built on simple ideas—multiply a number by itself 2 times or 3 times.

Learn the patterns, use prime factorisation to test, and remember:

square roots have * values (but we use +), while cube roots are unique.




